ABSTRACT. A simple criterion is given for determining" almost completely" whether the positively graded complete intersection ring R = K [Xj , •.• , Xn+Il!(Gi , ... , GI ), of dimension 11, has an F-pure type singularity at m = (Xj , .
O. Introduction. Let R be a ring of characteristic p and let lR denote the ring R viewed as an R-module via the Frobenius map F(r) = r P • R is F-pure if for every R-module M, 0 ~ R I8i M ~ lR I8i M is exact. A notion of F-pure type can then be defined in characteristic 0 by reduction to characteristic p.
The concept of F-purity was suggested originally by the Hochster-Roberts proof that the ring of invariants of a linearly reductive affine linear group acting on a regular ring is Cohen-Macaulay [4] . The same two authors later demonstrated that F-purity measures" nice" singularities in the sense that it implies much simplification (and vanishing) in the computation of local cohomology [5] .
The problem of identifying those rings which are F-pure (type) is quite difficult. The following special cases are known: (1) The invariant ring of a reductive linear group acting on a regular ring is F-pure (type) [5] .
(2) If K is a field of characteristic 0 and vii is a semigroup of monomials, then K[vII] is F-pure type if and only if vii is seminormal [5] .
(3) The ring SII, where I is generated by square-free monomials, is F-pure (type) [5] .
(4) If (R, m, K) is a I-dimensional local Noetherian ring of characteristic p with K C r an algebraically closed field and if IR is a finite R-module, then R is F-pure if and only if the m-adic completion of R is isomorphic to K [ [Xl"'" Xr] ]/(XiXjll ~ i <j ~ r) [3] .
(5) Gorenstein square-free Hodge algebras are F-pure. (6) The ring R = K[X I , ... , Xnl/(G), where G is a quasihomogeneous polynomial with an isolated singularity at the origin, has F-pure type if deg(G) < n. R does not have F-pure type if deg( G) > n [2] .
The purpose of this paper is to generalize result (6) to complete intersection rings and, at the same time, drop the isolated singularity requirement. We prove the following theorem.
THEOREM (HOMOGENEOUS VERSION). Let S = K[X I , ... , X n + t ] where K is afield of characteristic O. Let I = (G I' ... , G t ) be a homogeneous complete intersection ideal in S (i.e. {GI, ... ,G t } is a regular sequence in S). DenoteL:~ldeg(GJ = d. Let R = S I I and let J be the radical ideal which determines the singular locus of R. Let l)
be the length of the longest R-regular sequence in J. Then:
(1) R has F-pure type if d < 8. For a more precise statement of the main results, see Theorems 2.1 and 2.8. Kei-ichi Watanabe has proven that if R as above has, in addition, an isolated singularity at J.t = (Xl"'" xn+t)· (Here, Xi denotes the image of Xi in SIl), then:
(1) R has a rational singularity if d < n. ( 2) R does not have a rational singularity if d :;;, n [8] . Since 8, as defined above, is n when R has an isolated singularity, our main theorem provides new evidence of the striking coincidence (in the known examples) between the notions of F-pure type and rational singularity.
I. Definitions and preliminaries.
DEFINITION. Let E ~ E' be an injective homomorphism of modules over a fixed base ring R.
The existence of a splitting map from E' back to E (which insures left exactness of tensor) would, of course, imply that E ~ E' is pure. The converse is false. However, the reader may quite reasonably use the more familiar concept of "split" extensions as a source of intuition about pure extensions. In most circumstances, the two notions are equivalent. To be precise, we recall the following observations: LEMMA [7] . Then the following are eqivalent:
Note that if R --> M is a pure R-module map and if I is an ideal in R, then 1M n R = I; consequently, I is a contracted ideal with respect to this map. For maps of the special type R --> M, Hochster defines cyclic purity to be the condition that every ideal is contracted and shows that under relatively mild assumptions about R, cyclic purity is equivalent to purity [6] . We weaken this condition somewhat.
£'< DEFINITION. Let (R, p,) be a local ring and R --> M be a map of R-modules. The map a is contracted if every ideal I which is generated by a system of parameters
is contracted for every p, E maxSpec(R).
£'< One immediate consequence of the map R --> M being either pure or contracted is that it is injective. For purity, this follows from the definition simply by tensoring with R. For contractedness, note that if a(r) = 0, then certainly a(r) E 1M for every ideal I which is generated by a system of parameters for some maximal ideal p, of R. The contractedness hypothesis then guarantees that r lies in the intersection of all ideals of R which are generated by systems of parameters. But this intersection is well known to be O.
If R is a K-algebra where K is a field of characteristic p, we denote by F the Frobenius homomorphism, F(r) = r P .
DEFINITION. If M is an R-module (R has characteristic p), 1M will denote the
is a pure (respectively, contracted) map.
In particular, for an F-pure or F-contracted ring, the Frobenius map must be injective; whence, R has no nilpotents (reduced). When R is reduced, there is a natural identification of maps: To connect the notions of F-contractedness and F-purity with Watanabe's criterion for a rational singularity, we need to briefly review the construction of graded local cohomology. Actually the case of HP(R), where I is the radical of an ideal generated by a regular sequence of length n, is the only one we will need for this paper, and it can be described in more down to earth terms than the other local cohomology modules. 
To understand the grade of this "Frobenius" map, we put in the appropriate twists to get 
The connections between the Frobenius action on local cohomology and the property of being either F-pure or F-contracted have been partially discussed in [2,5, and 6] . Restricting our consideration to Cohen-Macaulay rings, we can extend and consolidate these ideas in Proposition 1.4 and Corollary 1. F or a Gorenstein local ring (R, /-t) of dimension n, it is a standard fact from local duality theory that H;( R) is isomorphic to E, the injective hull of RI/-t [7] . Hochster The reader should be cautioned that, whereas conditions (2), (3), and (4) are equivalent for Cohen-Macaulay rings and condition (1) implies each of the others, (1) is not equivalent to (2), (3), and (4) in general [2] . Moreover, if R is not Cohen-Macaulay, the equivalences between (2), (3), and (4) also break down.
F-purity is a characteristic p notion, but our primary interest is in rings of characteristic O. To pass from characteristic 0 to characteristic p:
DEFINITION. Let W be a property defined for rings of characteristic p. (G l , . .. , G t ) will be a graded ring, graded consistently with the preassigned grading of S (which may be nonstandard). Polynomials in S will be represented by capital letters whereas equivalence classes of polynomials in R will be represented by lowercase letters. DJ G j ) will denote the partial derivative of G J with respect to Xi' J will denote the Jacobian ideal in S which defines the singular locus of S I I = R. Recall that if (G l , ... , G t ) is a complete intersection ideal, then J is the ideal generated by the tXt determinantal minors of the (n + t) X PROOF. We induct on t, the height of the complete intersection ideal (If t = 0, then R = S is a polynomial ring which is easily seen to be F-pure.). To carry out this induction, we need to see that if R = S/ (G 1 , ... , G, 
Dn f-,c'G t -1 ) 'D n + t '( G 1 )
In other words, the Jacobian ideal associated to T contains the one associated to R The following ideals will be used frequently in the ensuing discussions: To prove the theorem, we must show that a(R) < -L7~s+1 deg(1',) and R not F-pure together imply that p < L:~l deg(Y;). Since R is Gorenstein, the F-contractedness test applied to anyone system of parameters will suffice to determine F-purity (Proposition 1.4 and Corollary 1.5). Thus, if R is not F-pure, F: (RI (Y1"" ,Yn) We next claim that B t E (fl:~lY,P-\ rl)\r l . By hypothesis **(2), B t $ r l and, so, we need only show that B t E (flY,P-l, r l ). Since
. ,Gt_J,G;)):(G;-l)
,~l
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This last ideal is an intersection of ideals which are colins of regular sequences, and so we can simplify:
But ( 
Therefore Note that the theorem being true for T means that T is either F-pure or p < I::=1 deg(:Y;); and, in the latter case, there is nothing left to prove. Therefore, we may assume that T is F-pure. Again, applying the F-contractedness criterion (Corollary 1.5), to the particular system of parameters CY1' ... ' Y n , G t ) in T, the F-purity of T translates into the condition that, for every H E S, Gf' G 1 , ... , G t -1 ) . But HE I contradicts *. Hence, the F-purity of T in the presence of * implies HP $. fpNow, by hypothesis *, HP E f1 \ fp-Therefore, there exists an integer 1 ~ r < p such that H P E fr \ fr+ 1. This means that we can write Since the radical of the Jacobian ideal for W k contains precisely (XV"" X,,), the complementary regular sequence prescribed in Theorem 2.1 can be chosen to be
". Yet, if n > 2, there are infinitely many primes for which p ;t 1 modulo n; so, there does not exist an N for which p > N would imply W k is F-pure.
In some sense a result of the form R is F-pure or p < N (where N is fixed independent of p) is automatically a theorem in characteristic O. We could state immediately that "complete intersection type" rings which have "isolated singularity type" and "a(R) type" < 0 have F-pure type. Of course such a result would be obscure (to the point of nonsense). We must therefore analyze more carefully the effect on these properties of the reduction process from characteristic 0 to characteristic p.
Again ' The same symbol will be used (ambiguously) whether we are talking about the maximal ideal of S, R, Sm or Rm' As usual, capital letters will denote polynomials in S or Sm whereas small letters will be used for their images in R or Rm' "-,, will be used to signify passage from [5] . It follows from the fact that a(R) = a(Rm) for almost every m and from Remark 2.2. 0 REMARK 2.9. In the case where the irrelevant maximal ideal of R is actually generated by forms of degree 1 (the truly homogeneous case) the condition a( R) < _L;'~s+l deg(Y,) becomes a(R) < s -n the negative "cograde" of the ideal J. I would like to thank the referee whose reading of the text was careful and helpful despite several confusing typographical errors.
